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This paper reports some recent progress in analyzing the effects of an energy-deposition or extraction layer on
supersonic flows over a wedge. Several algebraic relations across an energy-deposition/extraction layer are obtained,
based on a quite simple model for the deposition/extraction layer. With the aid of these simple relations, we find
analytical relations between the deposition/extraction and the pressure on the wedge apex point for two situations in
which an oblique shock originally detaches from or attaches to the wedge apex point. This study obtains two
important conclusions: For originally detached oblique shock waves, energy deposition results in a decrease in the
pressure behind the shock and that on the apex point; energy extraction has the opposite effects. For originally
attached oblique shock waves, energy deposition results in an increase in the pressure behind the shock and that on
the apex point; with stronger energy deposition, the shock then detaches from the wedge and the pressure on the apex
point begins to decrease. Two series of numerical simulations with Euler equations for flows over two 15- and 60-deg
wedges with different energy-deposition/extraction strengths confirm the preceding conclusions.

Nomenclature

total energy per unit volume, p/(y — 1) + (pu?/2)
energy-deposition/extraction zone length
Mach number

pressure

total pressure
energy-deposition/extraction strength
universal gas constant

temperature
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semiapex angle for a wedge

oblique shock wave angle
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Subscripts

preenergy-deposition/extraction region
postenergy-deposition/extraction region
point right behind a shock

wedge apex point
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1. Introduction

NERGY deposition for modification of the external flowfield
around a vehicle is a well-known technique and has been
studied and used to reduce the drag on objects flying at supersonic
speeds. Since the 1950s, energy deposition in the supersonic flow
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was proposed as an alternative technique to reduce drag on flying
objects [1]. Many papers discuss the significant drag decrease by
energy deposition in front of an object, and analytical, numerical, and
experimental studies were reported. Schneider et al. [2] reviewed
steady and unsteady supersonic flow controls with energy addition in
front of shock waves. More generally, Bushnell [3] reviewed the past
and current shock wave drag-reduction techniques. Russian
scientists performed a large amount of original work on this topic,
however, many of their publications were in Russian and not
conveniently accessible. Recently, several papers [4-16] about
physical implementation, or numerical simulations of body control,
or drag and heat exchange by localized energy addition in front of a
shock wave were reported. The heat deposition is achieved by many
different means, such as hot gas, laser beams, ultraviolet light, or
electric arc and plasma beams.

Many energy-deposition applications share the same flowfield
structure: in front of a shock wave, energy is deposited within a finite
size area and it results in large pressure changes behind the shock
wave. This paper aims to analytically study two simplified yet related
two-dimensional problems, shown in Fig. 1. For case A, the shock
originally detaches from a wedge, whereas for case B, the shock
originally attaches to the wedge apex. A certain amount of energy is
deposited into or extracted out of the flowfield, with a strength of 0
and a region with width L. The height of the energy-deposition/
extraction region is infinitely long to simplify the problem; a finite
height represents a more realistic, but more difficult, problem. There
are four regions in the flowfield for case A: the predeposition
region 1, the preshock and postdeposition region 2, the postshock
point 3, and the apex point 4. Between regions 1 and 2, energy is
deposited/extracted with a strength of pQ. The properties in regions 1
and 2 can be considered constant. For case B, the postshock point 3
and the apex point originally have the same location with an attached
shock; when the energy deposition is strong, the shock detaches from
the wedge and points 3 and 4 become different. This problem is
close to such a physical situation: In a wind tunnel, supersonic gas
passes a blunt or a sharp wedge that is located at the test section. By
heating/cooling a narrow section of the tunnel right in front of the test
section, we are about to investigate the property changes on the
wedge apex point. This study is an extension of a simpler problem
[17].
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Case A: detached shock

Case B: Attached shock
Fig. 1 Tllustration of the flow problems.

This paper aims to obtain the analytical relations between the
preshock energy-deposition/extraction effects and the properties on
apex point 4. The pressure changes on the apex point with the energy
deposition or extraction are of special concern. To the authors’
knowledge, there is no previous study in the literature on this
problem. Itis expected that these relations can provide some insights
to the more realistic situation of a finite height for the energy-
deposition region.

II. Analytical Solutions and Discussions
A. Energy-Deposition/Extraction Region Relations
With an aim to obtain analytical solutions, we select the Euler
equations and neglect the gas viscosity and thermal conductivity.
The one-dimensional governing equations with energy deposition/
extraction are [18]

p = pRT d(pu)/dx =0, d(p + pu?)/dx=0

d(pu + eu)/ dx = pq ()

As stated earlier, the right-hand side of the energy equation is zero
everywhere in the flowfield, except between regions 1 and 2, in
which it has a constant value of ,oQ.

For a steady flow with a stationary planar shock wave, the
preceding equations reduce to several simple algebraic relations.
Especially, the energy equation can be simplified as

ypuur /(v — 1) + p1} /2 + pyOL = yprur /(v — 1) + pyu3/2
=ypsuz/(y — 1) + psu3/2

with an assumption that across the short deposition/extraction layer,
the density maintains a constant of p;.

We define a nondimensional parameter o = LQ/(RT, /yRT;) to
represent the energy-deposition/extraction strength. Then from the
preceding algebraic relations, the following simple relation between
p; and p, exists:

41 2 2542
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With the compatible relation that p; = p, when o = 0, the following
root of Eq. (2) is the correct relation between p; and p,:

o1/ oy = (v + VM7 + A)/[(y + DyM7] 3)

where

A= \J+ M2 =20/ (y— 1) + yM}/2 4 0/ M) — Dy M

The other root is discarded because it yields a negative value for p,
when o = 0.

The other relations between regions 1 and 2 are

P/ =(0M; +1-4)/(y+1) “4)

(v + V’M7 + A) (yM} + 1 - A)

7,/T, =
e S Y

()

M3/M} = (y + y*M; + A)/[yMi(yM} + 1 —-A)]  (6)

It can be shown that the energy deposition or extraction cannot be
infinitely strong. On one limit, A needs to be a real number, on the
other limit, p, should be greater than zero. These two relations lead to
the following relation:

Omin = (¥ — 1 =2yM}) /[2(y — D)yM|]
<0< [V(M% - 1)2]/[2M1(V2 - 1)] = Omax (7)

The scope for energy deposition is much wider than that for energy
extraction with 0,,,, > |0pnin|- When o = 0, regions 1 and 2 have the
same properties; whereas with the maximum energy deposition,
pa/pr =y + DM /(1 +yM}),  po/pi=(yM; + 1)/(y + 1),
T,/T, = (1 + yM3)?/[(y + 1)*M3], and M, = 1. The maximum
energy-deposition value is slightly different from previous results of
Georgievskii et al. [4], because the definition of o was different, and a
Gaussian distribution for the energy deposition, extending to an
infinite distance in front of the shock wave, was assumed in their
paper. Meanwhile, Eq. (7) indicates that there is also a critical value
for the energy extraction situation.

If the density for the right-hand-side term of the energy equation is
not set to p,, instead, more accurately, to (p; + p,)/2, then the
following complex relation can be obtained, which has quite
complex solutions:

e\ 2+ 2yMi (pr?

(5) e ()
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(v + DM; 02

(y—Do
YMi(y + 1) =0 ®)

It is worthy to mention that all properties across the deposition/
extraction layer are completely and explicitly determined by the
nondimensional parameter o and the incoming Mach number. This is
crucial for the following discussions in the next two subsections.

We offer a comparison between our derivations from Eqs. (1-6)
and those described otherwise [19], to conclude this subsection.
Obviously, the discussions in the later reference are more general,
accurate without any assumptions for the energy deposition, and the
result formats are more concise than our results. However, it is very
difficult to obtain an explicit expression for M, /M, from Eq. (3.84)
in [19]. With some sacrifice of accuracy by supposing p = p, for the
energy input term, we obtain the explicit format of M, /M, as Eq. (6).
The exact formula of p,/p;, T>/Ty, p2/p1, and pg,/ pe; in [19] will
be more complex if the exact format of M, is substituted; however, to
obtain the format of M, from Eq. (3.84) in [19] is extremely difficult,
if it is possible to solve it out.

B. Case A Results

With the deposition/extraction strength properly bounded, we can
further compare its effect on the postshock properties, which is the
major purpose of this study. If the shock originally detaches from the
wedge, then from region 2 to point 3, the classical Rankine—
Hugoniot relations hold, and from point 3 to point 4, the isentropic
relations hold. All of the normal shock relations and isentropic
relations can be found in many aerodynamics books [20]. For case A,
the final relations between the stagnation point 4 and region 1 are
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Fig. 2 Case A energy-deposition/extraction effects on Mach number
and density results;}; = 10.0 and y = 1.4.
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The energy-deposition or extraction effects on the pressure for case A
can be obtained by

1
d(p3/py)/do=——dA/do <0 (12)
y+1
d(ps/py) _ (1 +y)> A0 + A+ yM}) 1
do 2y 2yM5—(y—DF (yM? +1-A)?
y—1 V-1 dA
X (1 +—2 M%) $<O (13)

Hence, for case A, for an energy-deposition situation with do > 0,
the pressure behind the shock and on the wedge apex point decreases;
for an energy extraction situation with do < 0, pressure increases. To
discuss these analytical results, the preshock and postshock
conditions versus the deposition/extraction strength are plotted with
an incoming Mach number M| = 10.0 and y = 1.4. In each of the
following figures, a vertical dashed line represents the no-energy-
deposition/extraction condition, and the intersection points with the
other curves are the standard reference values.

Figure 2 shows the energy-deposition/extraction effects on the
preshock and postshock Mach numbers and densities for case A.
When the deposition strength increases, the preshock density
increases and Mach number decreases rapidly, resulting in a weaker
shock wave. When the deposition reaches its maximum value, the
shock ceases to exist, and this maximum deposition value is a critical
point. On the other hand, stronger extraction results in a decrease in
the preshock density and an increase in the Mach number in front of
the shock. Theoretically, it is very possible to create a hypersonic
flow in the postextraction region. On the extraction limit, an infinitely
large preshock Mach number is created and the postshock density
reaches the hypersonic limit of 6. It is very evident that the window
for extraction is much narrower than that for deposition.

Figure 3 shows the deposition/extraction effects on the static
temperature and postshock stagnation temperature for case A. As the
deposition strength increases, all the temperatures continue to
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Fig. 3 Case A energy-deposition/extraction effects on temperature
results; M; = 10.0 and y = 1.4.
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Fig. 4 Case A energy-deposition/extraction effects on pressure results;
M;=10.0and y = 1.4.

increase, although continuing energy extraction eventually results in
a zero preshock static temperature.

Figure 4 shows that for case A, stronger energy deposition results
in a higher preshock pressure and lower postshock static and
stagnation pressure, mainly due to a lower Mach number. Whereas,
on the contrary, an energy extraction results in a higher postshock
static pressure and a higher stagnation pressure.

C. Case B Results

For case B, the shock stays attached to the wedge with weak
energy depositions. Across the shock wave, the oblique shock
relations instead of the normal shock wave relations hold, and
points 3 and 4 are the same point. With stronger energy depositions,
the shock detaches from the wedge, and points 3 and 4 become
different from then on; under that situation, the problem degenerates
to case A and the formulas are the same as case A.

The most interesting result is the pressure change on the wedge
apex point with energy deposition and extraction when the shock still
attaches to the wedge:

d(ps/p) _ _(y=DyMi(y -1+ 2sin’B)

do (y+ 1A
4(y + y*M} + A)sin fcos p dB
i (14)
(1+y)? do
d(PcsliéPl) =0(-1/M,) + O(M?)dB/ do
=0 (15)
d(ps/ 1) .
do =0 a
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Fig. 5 Case B energy-deposition/extraction effects on Mach number
and density results; M; = 10.0, and y = 1.4.
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Fig. 6 Case B energy-deposition/extraction effects on temperature
results; M; = 10.0 and y = 1.4.

where A(o = 0) = yM? — yand A(0 = 0y, ) = O are used to obtain
Eq. (15) from Eq. (14). Considering the fact that stronger energy
deposition (i.e., do > 0) creates a lower preshock Mach number and
hence a larger shock attach angle (i.e, df > 0), it is evident that
dp/do > 0.

It is quite difficult to determine whether d(ps/p,)/do is larger or
smaller than zero with Eq. (14); however, it is evident from Eq. (15)
that with o = 0, the value is positive with a large value of M, or a
hypersonic incoming flow situation, but it becomes negative before
the deposition reaches the maximum value. Hence, the pressure
behind the shock can increase with energy deposition do > 0if M is
strong enough and the shock still attaches to the wedge. The
following figures further illustrate the results.

Figure 5 shows the energy-deposition and extraction effects on the
preshock and postshock Mach numbers and densities for case B. A
vertical solid line is added to illustrate the critical energy-deposition
value for a shock detachment. When the deposition strength
increases, the preshock density increases and the Mach number
decreases rapidly, resulting in a weaker oblique shock wave. When
the deposition reaches a critical value, the shock detaches from the
wedge and forms a local normal shock wave. On the other hand,
stronger extraction creates a decrease in the preshock density and an
increase in the Mach number in front of the shock.

Figure 6 shows the deposition and extraction effects on the
postshock static and stagnation temperatures for case B. The same
conclusions as those from case A hold, with an additional abrupt
change in the profiles when the shock detaches from the wedge.

Figure 7 shows that for case B, stronger energy deposition results
in a higher preshock pressure and also a higher postshock static
pressure and a higher stagnation pressure if the shock still attaches to
the wedge. Only after the shock detaches from the wedge does the
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Fig. 7 Case B energy-deposition/extraction effects on pressure results;
M;=10.0and y =14.

130

n
o

o

100

R

®
o

P TITI NSNS SR S [T SN ST NN ST S AT ST
0.01 0.02 0.03 0.04 0.05

X, m
Fig. 8 Test case A energy-deposition/extraction effects on pressure
profiles along the wedge surface; M; = 10.0, y = 1.4, and o = 60 deg.
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pressure on the apex and C,, begin to decrease. Energy extraction
results in a lower postshock static pressure and a lower stagnation
pressure.

Although it is reported in the literature that energy deposition in
front of a wedge reduces the pressure drag, with the assumptions in
this study, the current model and analytical results do not completely
support these conclusions for the situations with the shock originally
attaching to the wedge. We want to point out that a finite height for
the deposition/extraction layer results in a different problem from
that discussed in this study. A more advanced model with a finite
length of deposition/extraction region and with inclusions of
viscosity and heat conduction can probably provide better insights.

III. Numerical Simulations

To test the results from the last section, we perform two series of
simulations by solving Euler equations. In these simulations,
supersonic gas flows pass two wedges with a wedge semiangle of
o = 15 or 60 deg. For several computational cases, the shock waves
detach from the wedge and a flat wedge shoulder is adopted to
prevent an infinitely large detachment distance from the wedge. The
simulations use a heat-deposition length of 0.02 m. The left side of
the simulation domain uses an inlet boundary condition, the bottom
side uses a symmetric boundary condition, the right side uses a wall
boundary, and the top side uses an outflow boundary with
d()/0n=0. The inlet boundary conditions are M. = 10.0,
T, =300 K, p,, =1.01325 x 10° Pa, and y = 1.4. In the Euler
equation solver, inviscid flux is computed with the classical Roe
scheme.

Figure 8 shows the pressure distributions along the blunt wedge.
The values are obtained from the pressure in the first layer of cells
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Fig. 9 Test case A energy-deposition/extraction effects on pressure
contours; M; =10.0, y=14, o =60 deg, o/0y;, =0.25, and
0/0max = 0.0, 0.25, and 0.75.

close to the wall. Because for case A the shock detaches from the
wedge, each point on the wall surface has a different pressure value.
For the stagnation point in which we are interested, with positive heat
deposition in general, the pressure on the wall decreases, whereas
with energy extraction, the pressure on the stagnation point slightly
increases, matching our analytical results. Pressure distributions
along the wedge shoulder are neglected. For the energy-extraction
effect, the simulation is quite difficult for two reasons: |0 | <€ Opmaxs
hence the parameter window is much narrower, and as shown by
Fig. 2, energy extraction creates hypersonic flows in the
postextraction layer, and the strong shock wave gradients easily
trigger a code failure.

Figure 9 shows the pressure contours with /0, = 0.25 and
0/0max = 0.0,0.25,and 0.75, to illustrate the global effects of energy
deposition or extraction. Note that the marked pressure values are
approximate values; more accurate results should be obtained by
careful probations. Obviously, as the energy-deposition strength
increases, the shock standing-off distance becomes larger, reflecting
aweaker shock wave, and the changes in the preshock pressure fit our
analytical results.

Figure 10 shows that the wall pressure changes for gas passing the
15-deg wedge. The values are obtained from the pressure values on
the first layer of cell center close to the wall. With zero heat
deposition, the pressure in the first layer of cell is constant and
actually fits the classical oblique shock wave solutions very well. For
asmall o value situation, the first cell pressure is much lower than the
rest of the data, because the shock is attached to the wedge and the
first cell center is actually in front of the shock wave with a lower
pressure value. This figure shows that as the deposition strength
increases, the pressure on the wedge increases; with energy
extraction, the pressure slightly decreases; and both match our
analytical predictions. With 6/0,,,, = 0.85, the first pressure point is
larger than the pressure in other cells, indicating that the shock
detaches from the wedge. Figure 7 indicates that the detachment
happens at 6/0,,,, = 0.75 for this incoming Mach number. It is not
very clearly shown in Fig. 10, but we observe that the pressure in the
first cell with o/0,,,, = 0.90 is slightly smaller than that with
0/0max = 0.85, also matching our analytical results. It is quite
difficult to simulate flows with /0, = 0.90, because with a
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Fig. 10 Test case B energy-deposition/extraction effects on pressure
profiles along the wedge surface; M; = 10.0, y = 1.4, and o = 15 deg.
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Fig. 11 Test case B energy-deposition/extraction effects on pressure
contours; M; =10.0, y=14, a« =15 deg, o/oni, =0.25, and
0/0max = 0.0, 0.50, and 0.75.

stronger deposition, maintaining the deposition layer in front of a
detached shock wave requires larger simulation domains in the X
direction.

Figure 11 shows the pressure contours with o /0, = 0.25 and
0/0max = 0.0, 0.50, and 0.75. It is very evident that as the energy-
deposition strength increases from 0.0 to 0.500,,,,, the shock still
attaches to the wedge and the pressure on the wedge actually
increases, matching the predictions from our analytical results in the
previous section.

Hence, these two series of simulations confirm the important
predictions from our analytical results.

IV. Conclusions

We reported an analysis of energy-deposition and extraction
effects on the postshock pressure, with shocks originally detaching
from or attaching to a wedge. The model used here neglected the
viscosity and thermal conductivity effects and adopted an infinite
height for the deposition or extraction layer. By solving the Euler
equations, simple algebraic relations among the incoming flow,
preshock, and postshock regions were obtained. The analytical
results indicate that energy deposition results in an increase in the gas
density in the postdeposition region and lower preshock Mach
numbers, and with the critical energy-deposition value, the shock
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ceases to exist. For an originally detached shock, stronger energy
deposition in front of the shock results in a decrease in the postshock
static pressure and the stagnation pressure; however, for originally
attached shock waves, energy deposition results in a raise in the
pressure on the apex point until the deposition is strong enough to
create a detached shock wave. In general, for both cases, energy
extraction yields the exact opposite effects as the energy deposition.
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